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In the framework of dimensional reduced Ue(1)×Ug(1) electromagnetism containing a boundary
cross Chern-Simons term, are deduced the hall conductances. In this framework the cross Chern-
Simons term is justified by the dimensional reduction of extended electromagnetism instead of being
introduced phenomenologically and the quantization of magnetic flux is equivalent to the Dirac’s
quantization condition applied to the coupling constants, or fundamental charges, e and g. This
model preserves parity P and time-inversion T symmetries (in 2+ 1-dimensions) both at functional
and solution level. The collective gauge fields are due to pseudo-photons such that the role of
the collective electric and magnetic fields are swapped in relation to the usual models. We show
that the model contains both magnetic vortexes and electric vortexes that account for the anyons
electric charges and magnetic flux tubes. The magnetic vortexes are due to the internal photon
and are interpreted as quasi-particles. The electric vortexes are due to the pseudo-photon and
are interpreted as quasi-holes, this naturally explain the negative energy contribution due to the
pseudo-photon being a ghost field (or phantom) due to the positive sign of the respective Maxwell
term. Given our results the gauge fields have, in this framework, physical significance.
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I. INTRODUCTION
The integer Hall effect was first analysed experimen-
tally by Klitzing, Dorda and Pepper [1] in 1980 and
explained theoretically by Laughlin [2]. Soon the frac-
tional hall effect was detected in 1982 by Tsui, Stormer
and Gossard [3] who measured a hall conductivity of
1/3(e2/h) corresponding to a fractional Landau filling
level of ν = 1/3. The laughlin wave function for the
fractional Hall effect [4] was at that time derived phe-
nomenologically and still is the best account for this effect
rendering odd fractional filling levels νk = 1/(2k− 1) for
states corresponding to quasi-particles and quasi-holes
of fractional electrical charge. Soon this effect was re-
lated to fractional statistics [5, 6, 7, 8] such that the frac-
tional quantization of the filling fraction was explained by
interpreting the quasi-particles and quasi-holes as com-
posite fermions constituted by one electron with mag-
netic flux tubes attached. These objects are known as
anyons which have a fractional spin-statistics relation.
By moving an anyon adiabatically around a close loop
we obtain both an Aharanov-Bohm contribution [9] and
a Berry phase contribution [10] (see [5] for further de-
tails). After these developments the same results have
been obtained using an effective Landau-Ginzburg theory
of anyons (similar to superconductivity [11]) represented
by a scalar complex field φ together with a Chern-Simons
term for a collective gauge field (a, also known as statis-
tical gauge field) accounting for the long-range particle
interactions [12, 13, 14, 15]. Later effective theories con-
sidered pure gauge theories with several gauge fields [16].
For review in this topics see [17].
Both in Landau-Ginzburg Chern-Simons models and
in effective Chern-Simons, the Lagrangian violates ex-
plicitly parity P and time-inversion T through the Chern-
Simons term and the equations of motion relate pseudo
scalars with scalars and vectors with pseudo-vectors. It is
widely accepted that strong external fields violate these
discrete symmetries (at least along the direction of the
field), however, with the exception of chiral phases where
such symmetries are explicitly broken, one may expect
that in longitudinal directions those symmetries may still
be preserved. Furthermore if the macroscopic system is
P and T invariant it should exist a microscopic descrip-
tion also being.
We show next that a slightly different model can be
obtained which preserve both discrete symmetries P and
T being consistent with Ue(1)× Ug(1) electromagnetism
containing both photons and pseudo-photons [21, 22, 23,
24] when a dimensional reduction is considered [25, 26].
The physical interpretation in terms of the field contents
is, however, completely distinct and the gauge fields are
not interpreted as fictional auxiliary fields, instead they
are justified as truly physical fields. Also our model may
also account for the effective charge of anyons, for any
fractional Hall conductance σH = p/(2m− 1), being al-
ways e∗ = e/(2m − 1) as has been experimentally sug-
gested [18]. We explain that this may be due to the
existence of vortex solutions both for the pseudo-photon
and the internal photon. For free we further obtain that
Dirac’s quantization condition [19] is, in our framework,
equivalent to the magnetic flux quantization [20].
II. THE MODEL WITH PSEUDO-PHOTONS
We start by considering Ue(1) × Ug(1) electromag-
netism containing both the standard external gauge field
A (photon) that transforms under P and T as a vector
and an internal gauge field C (pseudo-photon) that trans-
forms under P and T as a pseudo-vector [21, 22, 23, 24].
Upon a dimensional reduction this theory renders a cross
Chern-Simons boundary term [25, 26] which is P and T
invariant. In systems where long-range effects are pre-
2dominant, such as the fractional Hall effect, it seems
a good assumption (and has been widely used) to con-
sider that this topological term is predominant in rela-
tion to the Maxwell terms for the gauge fields A and C
(see [26]). We also note that accordingly to [26] the rela-
tive relevance of the Maxwell terms is proportional to the
thickness of the planar system, for the Hall effect, typi-
cal thicknesses are of order of a few Angstroms. In this
section we will not consider the Maxwell terms, however
in the next section we will show that the pseudo-photon
Maxwell term reproduces the negative energy contribu-
tion of the phenomenological potential introduced by
Laughlin [4].
In addition we note that a particle carrying both elec-
tric and magnetic flux charge must couple both to the
A field (through its electric charge) and to the C field
(through the magnetic flux). This is the case for anyons.
So we are taking the following assumptions
1. φ is a complex field representing a composite elec-
tron (anyon) carrying an electric charge eα and a
magnetic flux g¯βˆ. Here g¯ = 2πg is the coupling con-
stant corresponding to the pseudo-vector C which
corresponds to the fundamental magnetic charge g
divided by 2π in order to account for the coupling
to magnetic flux instead of the coupling to mag-
netic charge [24].
2. φ∗φ is real and transforms as a scalar under the
discrete symmetries P and T .
3. The coupling to the magnetic flux is done trough
the effective constant (non-dynamical and space-
time independent) pseudo-scalar βˆ that accounts
for the amount of magnetic flux of each anyon.
Being a pseudo-scalar we ensure that the cou-
pling maintains the Lagrangian P and T invari-
ant [22, 23].



















Here m¯ is the effective renormalized mass of the anyon.
For external electric field Ei = −∂iA0 and external mag-




Aµ , φ =
√
N (2)
with the external magnetic field locked to B = g¯βˆN
(from the equation of motion for C0) and µ = λN/2.
The equations of motion for A0 hold that







2 rj − r′j
|r − r′|2φ
∗φ . (4)
We note that in theories with both photons and pseudo-
photons the roles of each of the gauge fields A and C are
reversed with respect to the definitions of the electric and
magnetic fields (see [24, 26]). Therefore this equation is
interpreted as that the anyon gas reacts to the external
magnetic field by inducing a transverse electric field. Also
it is important to stress that the solution (4) transforms
as a pseudo-vector under P and T accordingly to the
nature of C.





(∂0Cj − ∂jC0) = eα
2g¯βˆ
ǫijEj . (5)
For last we note that in the absence of external electric
field the equation of motion for Ci are identically null.
When the external electric field is turn on these equations
hold a magnetic flux current that is interpreted as the
effect of the movement of the anyon carriers. This is
simply understood by noting that a current of anyons is
both an electric current and a current of the attached
flux tubes.
By considering the Dirac quantization condition eg =
n~/2 [19] for n = 1 we obtain in terms of the magnetic

















hence proportional to the ratio between the electric
charge and the magnetic flux of the anyon. Only in the
last two equations we explicitly considered h, we note
that in the remaining of this work we are considering
natural units ~ = c = 1.
Let us now use an adaptation from Haldane [6] and
Halperin [7] arguments (see also [27]). We may consider
that the anyons have a fractional electric charge corre-
sponding to α = 1/(2n − 1) and a magnetic flux corre-






2n− 1 , p ∈ N , n ∈ N0 , (8)
3and the respective Landau level filling fraction νp,n =
α/βˆ = p/(2n − 1). This construction is in close agree-
ment with the original Laughlin wave function [4] and
the experimental verification of fractional charge quanti-
zation of 1/(2n−1), independently of p [18]. We develop
this construction in the next section.
III. FLUX TUBES AND FRACTIONAL
CHARGES
There is a very simple way to incorporate the magnetic
flux tubes of previous models in our model and justify the
introduction of the pseudo-scalar βˆ in the model. In our
construction the internal standard gauge field a (internal
photon) has so far not played any role at all. However




ǫµνλ(Aµ + aµ)∂νCλ ,
Lφ,C,a = −φ∗
[












We are now considering the α = 1 case accordingly to the
previous section. This extended model has finite energy
magnetic vortex solutions
φ = e±iϕ , aϕ = ± 1
e r
, (10)
which carry a multiple of the unit of magnetic flux
quanta. We note that these solutions are common to
the usual Landau-Ginzburg Chern-Simons theories [13].
Therefore we can interpret the flux tubes to be these so-
lutions. The equations of motion for Ci are now
ǫij∂iAj + ǫ
ij∂iaj + g¯βˆN = 0 , (11)
where we replaced φ∗φ = N . By considering an ad-
ditional vortex density flux δβˆ =
∮
ǫij∂iaj/(g¯N) =
1/(egN) and assuming that the Dirac quantization con-
dition (6) holds we can shift the value of βˆ such that
ǫij∂iaj + g¯βˆN = g¯βˆ
′N , βˆ′ = βˆ + δβˆ . (12)
The results from the previous section hold with the ap-
propriate replacement of βˆ → βˆ′. In this way it is jus-
tified the introduction of the pseudo-scalar βˆ, we note
that correctly ǫij∂iaj transforms as a pseudo-scalar un-
der P and T . We also have shown that the magnetic flux
tubes are due to the internal gauge field a, i.e. the usual
photon. This is a sort of condensation mechanism such
that a is non-dynamical in the macroscopical model and
is completely screen-out of the effective theory.
In our model, in addition to the photon (magnetic)
vortex solutions (10), we also have finite energy (electric)
vortex solutions for the pseudo-photon field given by
φ = e±iϕ , cϕ = ± 1
g¯ r
. (13)
Considering the equation of motion for A0
ǫij∂iCj + ǫ
ij∂icj + eαN = 0 , (14)
we can consider an electric charge shift δα =∮
ǫij∂icj/(eN) = 1/(egN) such that
ǫij∂icj + eαN = eα
′N , α′ = α+ δα , (15)
as long as the Dirac condition holds (6).
We are working at model level, therefore it is a valid
approach to compare the model predictions with the ex-
perimental results and adequately interpret the parame-
ters in relation to the physics in question. We have seen
previously that for α = 1 the Jain hierarchy holds, how-
ever this does not explain fractional electrical charges in
our model. Given the result stated in equation (14) we
can now re-interpret the left hand-side of equation (3), α
simply accounts for the density (per electron) of electric
vortexes in the system. This result is actually compat-
ible with the collective solution (4). It is interesting to
note that, in our framework, for fixed βˆ the number of
electric flux tubes is equivalent to quasi-holes excitations
(phantom excitations accordingly to Laughlin [4]). These
excitations decrease the electric charge and hold lower en-
ergies for the configuration [4, 7]. Furthermore we have
shown here that in the framework of Ue(1)× Ug(1) elec-
tromagnetism these vortex configurations corresponds to
excitations of the pseudo-photon. This is actually con-
sistent with the fact that the pseudo-photon is, quantum
mechanically, a ghost [24] (or a phantom, as long as does
not take the full energy to negative values). Hence exci-
tations of this field contribute negatively to the energy of
the state. More specifically we can consider the Maxwell
terms in the action which hold a negative potential en-
ergy, explicitly we have the pseudo-photon contribution








where G12 = ∂1C2 − ∂1C2, δ⊥ is the effective thick-
ness of the system as described in [26] and we note
that the potential energy contribution to the Hamilto-
nian corresponds simply to −E˜2/2. We stress that the
Maxwell term for the usual photon has opposite sign in
the Lagrangian −FµνFµν/4 holding in the Hamiltonian
the potential energy term +F 212/2 = +B
2/2, hence giv-
ing a positive contribution. For a giving vortex density
1/(2m− 1), considering the effective vortex area σm and
setting the thickness to unit, from the electric vortex so-
lution (13) we obtain the same energy density contribu-









4where we used Dirac’s quantization condition. As ex-
pected this is the negative contribution from the quasi-
holes and corresponds to a − ln(r) interaction. The re-
maining terms that contributes to the potential energy
are positive and are due to the interaction between sev-
eral electric vortexes. These can be obtained by higher
order corrections on powers of σm [4, 7]. We note that ac-
cordingly to the original references we are in the presence
of a strong coupled plasma, this is actually consistent
with the coupling constant being g¯ ∼ 1/e. To finalize we
note that we have considered the thickness of the system
to be a dimensionfull constant, this approach must be
taken with the respective precautions [28], usually it is
considered to be (48πm¯e2N/ǫ~2)(1/3).
IV. CONCLUSIONS
In the framework of dimensional reduced Ue(1) ×
Ug(1) electromagnetism, with both photons and pseudo-
photons, we have build a model for the fractional Hall
effect. Besides being able to incorporate this effect in a
more generic physical context the interpretation of the
negative energy excitation (quasi-holes) is naturally ex-
plain in this context due to the pseudo-photon being a
ghost. Also we explain in a context of a gauge theory
(with physical meaningful gauge fields) the origin of frac-
tional charges. Furthermore we achieved these goals pre-
serving P and T invariance at planar level.
This work is one more example of physical systems
where the pseudo-photon may play a physical relevant
role [29]. It is also interesting that our results may also
be related to superconductivity, in particular the works
of Diamantini, Sodano and Trugenberg [30] in topological
superconductivity make use of both, a photon, and a
pseudo-photon.
Also an important result from our construction is that
the magnetic flux quantization is, in our framework,
equivalent to the Dirac’s quantization condition. If this
framework proves to be correct, the quantization of mag-
netic flux, may be the most direct evidence for Dirac’s
quantization condition (although this seems an obvious
affirmation the author could not find a prove for it in the
literature).
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